We present the Eisenhart-lift formalism in which the dynamics of a system that evolves under the influence of a conservative force is equivalent to that of a free system embedded in a curved manifold with one additional generalised coordinate. As an illustrative example in Classical Mechanics, we apply this formalism to simple harmonic motion. We extend the Eisenhart lift to homogeneous field theories by adding one new field. Unlike an auxiliary field, this field is fully dynamical and is therefore termed fictitious. We show that the Noether symmetries of a theory with a potential are solutions of the Killing equations in the lifted field space. We generalise this approach to field theories in four and higher spacetime dimensions by virtue of a mixed vielbein that links the field space and spacetime. Possible applications of the extended Eisenhart-lift formalism including the gauge hierarchy problem and the initial conditions problem in inflation are briefly discussed.
I. INTRODUCTION
In Newtonian mechanics, fictitious forces arise in noninertial frames of reference. In an inertial frame, a particle moves according to Newton's laws of motion [1] . However, if we transform to a non-inertial frame, it is necessary to include additional forces to correctly describe the trajectory of the particle. Examples include the centrifugal and Coriolis forces that appear in a rotating reference frame such as the Earth.
These fictitious forces are always proportional to the inertial mass of the particle on which they act. Since gravity is proportional to gravitational mass, one may wonder whether the principle of equivalence implies that gravity is a fictitious force as well. Based on this idea, Einstein showed in his theory of General Relativity (GR) [2] that the effects of gravity actually arise from the curvature of spacetime. If we treat spacetime as flat, as we do in Newtonian mechanics, we must add gravity as a fictitious force to account for this curvature.
Soon after the development of GR, the question of whether it is possible to incorporate other forces in a similar fashion was raised. One such attempt was Kaluza-Klein theory [3] [4] [5] , which considers a fivedimensional space with a compactified fifth coordinate. It was shown that observers living in a four-dimensional subspace of this theory would experience some of the additional degrees of freedom in the metric as a vectorboson field satisfying Maxwell's equations.
Hence, electromagnetism can be regarded as a fictitious force, since it arises only from the requirement that particles follow geodesics in the five-dimensional space.
A question that naturally follows is whether this geometric approach can be extended to all forces. This question was asked by Eisenhart [6] , who demonstrated that the trajectory of a particle subject to a potential can be described as a geodesic on a higher dimensional manifold. Therefore, the force that arises from the gradient of the potential is fictitious, just as electromagnetism is in Kaluza-Klein theory. This formalism is known as the Eisenhart lift, and has since been extensively studied in the context of integrable systems in Classical Mechanics [7] [8] [9] [10] ; a pedagogical introduction can be found in [11] .
In this paper we extend the applicability of the Eisenhart lift to scalar field theories. We are motivated by the fact that a theory with multiple homogeneous scalar fields (such as leading-order multifield inflation [12] [13] [14] ) has the same mathematical structure as that of a classical particle moving under the influence of a potential. We can thus define a field space [15] [16] [17] [18] [19] [20] [21] [22] , as introduced in Section IV, such that the evolution of the system will be a trajectory in that space.
If the theory has no potential, then this trajectory will be a geodesic of the field space. Adding a potential term to the theory causes the trajectory to deviate from that geodesic. However, using the Eisenhart lift, we can reproduce the effects of this potential by defining a higher dimensional field space with one additional field, such that the system does follow a geodesic in this extended space. Unlike an auxiliary field, this field is fully dynamical and as such, we call it fictitious.
The one-to-one correspondence between a scalar field theory and a particle moving in curved space is lost when the fields depend on more than one coordinate. Thus we must extend the Eisenhart-lift formalism in order to deal with non-homogeneous field theories. To this end, we add a fictitious vector field to the theory that links the field space and spacetime. In this way, we are able to construct a purely kinetic Lagrangian with an extended field space that yields the original equations of motion (EoMs) for an arbitrary scalar field theory when the fictitious degrees of freedom are projected out.
The paper is laid out as follows. We first outline the Eisenhart lift in Section II by showing how a conservative force acting on a classical particle may be interpreted as a fictitious force. In Section III, we illuminate this formalism by studying the simple harmonic oscillator as a concrete example. Next, in Section IV, we introduce the notion of a field space in theories with multiple scalar fields and show how, for homogeneous fields, we can use the same formalism to recover the effects of any potential term with the aid of a fictitious field. In Section V, we show how the Noether symmetries of the theory become solutions of Killing's equation in this new extended field space. In Section VI, we generalise the Eisenhart lift to field theories in higher-dimensional curved spacetime. Finally, we conclude in Section VII by discussing our findings and presenting possible applications of employing the Eisenhart-lifted field space.
Throughout this paper we use natural units where c = = 1.
II. THE EISENHART LIFT
Let us consider a particle with mass m moving in n dimensions under the influence of a potential V (x). Here we denote the coordinates of the space individually by x i (with 1 ≤ i ≤ n) and collectively by x. Such a particle has the following Lagrangian:
where the overdot denotes differentiation with respect to time t. The evolution of the system is governed by Newton's second law [1] :
where , i denotes differentiation with respect to x i . We see that the derivative of the potential yields a conservative force that causes the trajectory of the particle to deviate from a geodesic (a straight line in this case). However, as Eisenhart showed, this force is fictitious. This means that the true trajectory of the particle is a geodesic in an (n+1)-dimensional coordinate space and the potential term is only required because we have restricted our attention to an n dimensional subspace. To make the Eisenhart lift explicit, let us follow his construction and extend the space by adding a new coordinate y and consider a new Lagrangian
where M is an arbitrary mass scale introduced to keep the dimensions consistent. This is the Lagrangian of a free particle on a curved manifold with coordinates x I ∈ {x i , y} and a metric
This implies that the particle will follow a geodesic of that manifold.
We will now show that geodesics of the above manifold endowed with the metric g IJ reduce to the EoMs (2) when projected down to an n-dimensional submanifold. The EoMs obtained from the Lagrangian (3) are found to be
The solution to the latter of these equations iṡ y = AV /M , where A is a constant determined by the initial conditions. If we restrict ourselves to solutions for which A 2 = 2, we find that after substitution into the first equation of (5), we recover the original EoMs (2).
The requirement of A 2 = 2 has a simple geometric interpretation. The motion of a particle in n+1 dimensions follows a geodesic. However, we have some freedom in how to parametrise this trajectory. We have to choose which parameter within the affine class should be identified with the time t. The choice we make determines the value of A. Only A 2 = 2 will give us the EoMs (2). If we choose A 2 = 2, the system will either evolve in slow motion (A 2 < 2) or fast-forward (A 2 > 2). We will see a specific example of this property in the next section.
Thus, a manifold has been found whose geodesics correspond to the evolution of a system subject to a conservative force. Since no particular form of the potential term has been assumed, this approach will work for any conservative force. Hence, it has been shown that all conservative forces are fictitious and can be described by the geometry of a higher dimensional manifold.
III. EXAMPLE: SIMPLE HARMONIC MOTION
In order to give a concrete example of the Eisenhartlift formalism, we consider the simple harmonic oscillator. This system is governed by the Lagrangian
Using the formalism described in Section II, we define a new Lagrangian with an additional coordinate y,
where we have chosen the arbitrary mass scale to be:
, so that the new Lagrangian reduces to (6) in the limit k → 0.
We now proceed by finding and solving the EoMs for this system. The Euler-Lagrange equations for this system are given by
The solution to the second equation iṡ
where A is a constant. Substituting this solution into the first equation in (8) gives
This is the equation of simple harmonic motion and has the following solution:
where ω = k/m, and x 0 and t 0 are parameters set by the initial conditions. We can now substitute (11) into (9) and solve the latter by direct integration to find
where y 0 is a constant of integration.
The solution given by (11) and (12) has four free parameters. The amplitude is set by x 0 and the phase is set by t 0 as usual. The parameter y 0 controls only the initial value of y and hence is irrelevant as our theory is shiftsymmetric in y. This leaves A, which enters the EoMs only as a multiplicative factor of t. Thus, any dependence on A can be removed by simply rescaling t as explained in the previous section. In other words, A dictates how quickly the system evolves. If we choose A = √ 2, x obeys the same EoM as it would for the Lagrangian (6) . Figure 1 displays the trajectory of the simple harmonic oscillator in the extended manifold with parameters y 0 = t 0 = 0, m = 1 kg and ω = 2π s −1 in SI units. Trajectories are shown for x 0 = 1 m (solid red) and x 0 = 1.5 m (dashed blue) that illustrate the effect of changing the amplitude of oscillation. We also demonstrate the effect of A by placing crosses and squares for A = √ 2 and A = 5 √ 2, respectively, at equal time intervals of 0.05 s. As expected, the trajectory is unaffected by varying A, but the speed at which the trajectory is traversed increases when we change A from √ 2 to 5 √ 2. Notice that there is 0.5 s between peak and trough when A = √ 2 (0.1 s when A = 5 √ 2) independently of the value of x 0 . Thus, we have demonstrated that the period of oscillation remains independent of the amplitude.
IV. FIELD SPACE
We will now move from Classical Mechanics to Field Theory. We will initially focus on homogeneous field theories by outlining the description of the classical field space. We consider a theory of N scalar fields ϕ i (t) (collectively denoted by ϕ) with an arbitrary quadratic kinetic term but no potential term. Such a theory can be described by the following Lagrangian: where the indices i and j run from 1 to N . The EoMs for the fields ϕ i are given bÿ
where , i now indicates a partial derivative with respect to the field ϕ i and k ij is the inverse of k ij satisfying k il k lj = δ i j . We notice that if we interpret k ij as the field space metric, (14) becomes simply the geodesic equation
where we identify the affine parameter u with time t and the Christoffel symbols
play the role of the affine connection. This latter formulation leads to the following interpretation of the theory. We define an N -dimensional field space with coordinates ϕ i and equip it with a metric k ij . Thus, our field configuration at a given time corresponds to a "particle" that traverses the field space, and the evolution of our theory corresponds to its trajectory [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . The form of (14) shows that this trajectory is a geodesic. Thus, the theory described by (13) is equivalent to that of a free particle moving in field space. Note that we are free to scale and shift our affine parameter so that t = u. This is simply a manifestation of the fact that the Lagrangian (13) is invariant under shifts of time and its EoMs (14) are invariant under rescalings of time.
We now add a potential term to (13) so that the Lagrangian becomes
The EoMs derived from this Lagrangian arë
Observe that there is now a term on the RHS, which can be interpreted as an external conservative force acting on the particle in field space. The question that naturally arises is whether we can use the Eisenhart lift to construct a higher-dimensional space equipped with a metric such that the geodesic equations reduce to the EoMs given in (18) . This is indeed possible by following a completely analogous procedure to the one for the classical particle in Section II. We add a new coordinate to our field space, which corresponds to adding a new fictitious scalar field χ to our theory. This leads to the following Lagrangian:
where M is again an arbitrary mass scale. We incorporate the field χ into the new (N +1)-dimensional field space by introducing φ A with an index A that runs from 1 to N +1, with φ i ≡ ϕ i for 1 ≤ i ≤ N , and φ N +1 ≡ χ. We also define an extended version of the field space metric:
Note that G AB does not depend on the fictitious field χ. With these definitions, the Lagrangian (19) can be rewritten as
This Lagrangian is of the same form as (13) . Thus, we expect the evolution of the fields governed by (21) to be equivalent to a free particle moving in an (N + 1)-dimensional field space equipped with the metric G AB . We now explicitly calculate the evolution of the extended system. The EoM for the new field χ (or equiva-
Consequently, χ must satisfẏ
where A is a constant. The EoMs for ϕ i read
If χ satisfies its EoM, then (24) becomes
If A 2 = 2 (which can be satisfied by selecting specific initial conditions), then (25) is identical to (18) . Therefore, the fields ϕ i will evolve in the same way as they did when governed by the Lagrangian (17) . As before, the free parameter A arises from our freedom in parametrising the geodesics. Choosing A 2 = 2 causes the system to evolve either in slow motion (A 2 < 2) or fast-forward (A 2 > 2).
V. NOETHER SYMMETRIES AND KILLING'S EQUATION
We now wish to investigate whether (21) admits any symmetries and what equations these symmetries must satisfy. For similar considerations in different settings, see [23] [24] [25] [26] . To start with, we consider a transformation of the fields:
Under this transformation, the change in the Lagrangian is
For this to be a true symmetry of the theory, δL must vanish regardless of the field configuration. Thus, each coefficient ofφ BφC must vanish separately and the transformations ξ A must satisfy the relation
This can be recast in the form
where
AB ξ C is the covariant derivative in the extended field space, and we have defined ξ A ≡ G AB ξ B . Equation (29) is Killing's equation for the field space metric G AB . We therefore see that the Noether symmetries of the theory are isometries of the field space described by Killing vectors and vice versa.
Our aim is now to find the symmetries that do not involve the fictitious field χ. To this end, we set ξ N +1 = ξ A ,N +1 = 0. In this case, the Killing equations (29) reduce to
where 1 ≤ i, j ≤ N . Observe that the second of these equations comes from setting B = C = N +1 in (29) . These are precisely the conditions that must be satisfied by the Noether symmetries of the Lagrangian (17).
VI. GENERALISATION TO FOUR DIMENSIONAL FIELD THEORIES
In four (and higher) dimensions, the Lagrangian for N scalar fields
where g µν is the spacetime metric, with g ≡ det g µν . As we will show, the dependence of the fields ϕ i on the spatial dimensions x makes it more difficult to reproduce the effects of the potential with a curved field space. For example, we may be tempted to extend the Lagrangian in the following way:
(32) Varying L with respect to χ gives the following EoM:
, then we recover the original EoMs as derived from the Lagrangian (31). However, because of the sum over µ, (33) does not imply that A µ is a constant, even for flat spacetime, and so this condition is not met in general. Hence, the Lagrangian (32) is not a valid generalisation of the Eisenhart-lift formalism.
However, we find that it is still possible to construct a purely kinetic Lagrangian that reproduces the EoMs of (31) by introducing a vector field B µ instead. Consider the following Lagrangian:
which does imply ∇ ν B ν /V is a constant. Hence, the EoMs for the scalar fields ϕ i are the same as the ones resulting from the Lagrangian (31), up to a global scaling of the coordinates in a way similar to the rescaling of time in one dimension.
In this formulation, the field space and spacetime are inextricably linked. The fictitious fields B µ are an integral part of the extended field space, yet carry a spacetime index µ and thus transform as a Lorentz four-vector. This link can be made manifest by defining a mixed vierbein [27] e µ m such that
Here m is a field space index, with N + 1 ≤ m ≤ N + 4.
We take e This allows us to generalise the Lagrangian (21) to four dimensions as follows:
where A and B run from 1 to N + 4. In this notation,
There is a fundamental difference between this result and the one obtained in the previous formulation for onedimensional fields. In one dimension, we were able to recreate the effects of a potential by simply extending the field space. However, in four dimensions, we must fundamentally alter the form of the kinetic terms, since H µν AB cannot be factorised into a spacetime metric g µν and a field space metric G AB , i.e. H µν AB = g µν G AB . Let us explore the conditions under which Lagrangian (38) admits Noether symmetries and see whether we can still retain the connection to isometries of the field space. Under transformation (26) , the Lagrangian (38) changes by
In order for this transformation to be a true symmetry, the variation (40) must vanish regardless of the field configuration and so each term must be set to zero individually. This requirement yields the following equations:
If we treat H µν AB as ten different field-space metrics (one for each symmetric combination of µ and ν), then (41) becomes a set of ten Killing's equations, one for each metric. We again look for symmetries that do not involve the fictitious fields B m . We therefore set ξ m = ξ A ,m = 0 with N + 1 ≤ m ≤ N + 4. We find that the equations (41) reduce to (30) as before. These are the conditions that must be satisfied by the Noether symmetries of the Lagrangian (31) .
Finally, we consider the EoMs deduced from (38) and compare them with the geodesic equation (15) . Varying the Lagrangian (38) with respect to the field φ A yields
When the fields depend on only one coordinate, (43) reduces to the geodesic equation (15) . Solving (43) in this case allows us to determine the world-line of a single point evolving in the extended field space, enabling us to recover the results of the homogeneous case.
In general, the fields will depend on D coordinates, so Equation (43) describes a D-dimensional world-volume that arises as a result of an object with (D − 1) spatial dimensions evolving in an (N +D)-dimensional bulk space. Furthermore, the Lagrangian (38) resembles that of a non-linear sigma model, an example of which is the Polyakov string action [28, 29] . Non-linear sigma models describe objects that extremise their world-volume while moving in a bulk. However, these models require that H µν AB be separable into a world-sheet metric g µν and a bulk metric G AB . This is something that cannot be realised in our extension of the Eisenhart-lift formalism. Consequently, the formalism presented in this section differs from the one followed in non-linear sigma models and should therefore be regarded as their generalisation.
VII. DISCUSSION
We have extended the Eisenhart-lift formalism to field space by introducing an additional degree of freedom which can replicate the effects of a potential in a differential-geometric manner. We have thus shown that there is a one-to-one correspondence between a field theory with a potential and a free theory with one extra degree of freedom and intrinsic curvature. This degree of freedom is dynamical, unlike an auxiliary field, and hence can be better described as fictitious. We have found that the Noether symmetries of the original theory with a potential are equivalent to the isometries of the extended field space described by Killing vectors. In this field space, the system evolves along a geodesic.
Our extension of the Eisenhart lift can be applied to a variety of situations. One example is multifield inflation [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [30] [31] [32] [33] [34] [35] , where the multiple scalar fields are homogeneous at leading order. Thus, the relevant Lagrangian is (21) and we can use our method to describe the trajectory as a geodesic in the new extended field space. One may now ask how the slow-roll regimė ϕ 2 V may be identified, since we no longer have a potential. However, (23) . This condition is independent of the choice of the mass scale M , since the value ofχ required to recover the original EoMs (18) scales as M −2 , as can be easily seen from (23) . In our formalism, the slow-roll condition is therefore replaced with a slow-roll hierarchy between the fields that is satisfied when the system is evolving faster in the fictitious direction than in any other.
Our approach may also give some insight into the initial conditions problem of inflation [36, 37] . Since we have now encoded the entire theory into the structure of the field space, initial conditions can be studied without reference to the inflationary potential. Instead, we may study the problem in terms of a measure dependent purely on the geometric structure of the extended fieldspace manifold.
In order to deal with non-homogeneous perturbations, we must extend the Eisenhart lift to field theories in four dimensions. We have outlined how this may be achieved in Section VI. In this case, a non-trivial link between spacetime and the field space must be considered. We can still describe the system geometrically as a 3-brane moving in an (N + 4)-dimensional bulk. However, this link implies that the system does not evolve as a classical 3-brane in the extended field space. Instead, its motion is governed by Equation (43). This should be contrasted with the homogeneous case, where the system did evolve as a classical particle in the extended field space.
In this paper, we have restricted our attention to classical field theories. An obvious next step would be to examine how a theory with a potential is related to the purely-kinetic extended theory after quantisation. In this context, it is worth noting that our extended theory does not contain the dimension-2 term m 2 φ 2 that are responsible for the gauge hierarchy problem [38, 39] , as these are absorbed into the geometry of the extended manifold. Our extended approach therefore offers a novel avenue to investigate this problem.
Evidently, the Eisenhart lift treats conservative forces in our conventional world as projections like shadows that emanate from another higher dimensional cosmos. For instance, this feature is beautifully illustrated for the harmonic oscillator in Figure 1 , where we can only perceive the projection x(t), but not the other dimension y(t). Hence, the formalism presented in this paper seems to provide a simple realisation of Plato's world of shadows reminiscent to a cave which one hopes to escape from and so gain a deeper understanding of the fundamental laws of nature.
